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Global to Local
Coordinate
Transformation

In Local Axes
In Global Axes

/]

Q) = Ficos0 + F>siné
Q> = —F;sinf + F>cos6

i Q) ) cos ¢
P —sin #

Q3 0 0
-_ oF 0 0

|

sin ¢
cos &

(0]

Fa
. sl
Fi 11?\}1

S N -
-:b\ ”\}f:.'n —.-.\” 1
YT Y
=
X

(c) Member End Forces and End Displacements in
the Global Coordinate System

O3 = Ficos + Fys8inf

Q4 = —Fy5n6 + Fycosf

0 0

0 0
cost smnd
—sinf  cos B _




‘ Transformation Matrix

Q=TF

u="Ty
cosd sin# 0 (0
—sin#?  cos # ] 0
0 0 cos @ siné
0 0 —sinf cos# |
cosfl = Xe = Xb = Xe =X
' L V(Xe = Xp)2 + (Y, — Yp)?
Sing_yt'_rh_ Y{'_}(h
L VKo — Xp)2 + (Y — V)2
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‘ Member Angles

Xi‘ e X,"_;I- X[.' T X-;J
cosf! = = = =
L VXe = Xp)2 + (Yo —Y))?
i Y.z- . Yh Y-_f' - Yh
sinf! = =

L B \/(X;- _— X:':r}E + {Yi, — Yh)z
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Local to Global Transformation

Fir=0Q)co86 — Qssinf F3 = Qicos8 — Q4siné
Fo=(0sinf + O>cosb Fy = O3s8in0 + Q4 cosd
CF [ cosf —sinf 0 0 0, |
Fr | | sin@ cos @ 0 0 0>
Fy | 0 0 cosf —sind 04
Ml L O 0 sind cos@ | | Q4
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Transformation Matrix

Global to Local

Q=TF

Local to Global

F=T"Q

v=T7u

T ! =T? —— Orthogonal Matrix
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“Truss Analysis - Example

Determine the joint

displacements, member axial

deformations, suppor
reactions of the truss

300 k

150k —_A

A

| 12 ft
£ = 29,000 ksi
{a) Truss
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Truss Analysis - Example

= Member Stiffness Matrices

036 048 —0.36 —0.48
_ (29,000)(8) | 048  0.64 —0.48 —0.64
T 012y | =036 —048 036  0.48
~0.48 —0.64 048  0.64

(b) Analytical Model

5 6 I 2
7 8 ! 2
0 0 0 0 75
0 90625 0 —90625|6 . . 348 —d64 348 464 77
K= |, 5 TR . Kfin. " -464 61867 464 —618.67 |8 |
0 —90625!0 90625 |2 —348 464 | 348 464 |1
' 464 —618.67 | —464  618.67 2
| 2 | 2
(348 4 0+ 348) (464 + 0 — 464) I _ GU6 () | Kin
- (464 + 0— 464) (618.67 + 906.25 + 618.67) |2 o 0 21436 |2

(c) Structure Stiffness Matrix
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Truss Analysis - Example

l 1 (b) Analytical Model
(348 + 0+ 348) (464 + 0 — 464) 1 _ [ 696 o ]' k/in.
| (464 + 0—464) (618.67 + 906254+ 618.67) |2 [0 21436 |2
(c) Structure Stiffness Matrix
{P}=[S]{d}
P:[ ]5'3'] " 1507 _[69%6 0 7[d
—300 =300 | 0 21436 || d>
2 g |
_d=]| 921521 4 = 021552in.  di = —0.13995 in. _

—0.13995
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Truss Analysis - Example

MEMBER 1
Member 1 Deformations in Global CS.

d 0.215352 | .
= I. n (b) Analytical Model
| —0.13995
06 038 0 0
113 ] 0 T, — —-0.8 0.6 0 0
S 0 B O g a 0 06 08
Tl [t T a7 | 021552 0 -0.8 06
g |2 s —0.13995

Stiffness and Member Forces in Local CS

966.67 0 —966.67 0 0, 966.67 0
, 0 0 0 0 o | 0 0
Ki=1_96667 0 96667 0 Q = Oy | | —966.67 0
0 0 0 0 04 0 0

CES 6116 (Dr Catbas)

0

966.67

0

N\

—966.67 0 0 ~16.774
0 0 0
0} [ 0.01?352} - { 15374]
0] | —0.25639 0
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Truss Analysis -

Example

MEMBER 1

Member 1 Force Transformation

from Local to Global

F=TTQ

N

F 0.6 -0.8
F, = [Fg] _ l:ﬂ.ﬂ 0.6

F 0 0

Fy 0 0

0 0
0 0
0.6 -08
0.8 0.6

I

—16.774
0
16.774
0

~10.0647

| =13.419 |«

~ | T10.064
13.419 |

CES 6116 (Dr Catbe.,

10.064 k

—A®

3 —F—

N =P, ®

13419 k

139,94 k

———————— Op -~ O x
126,83 k 186,58k
() Support Reactions



Truss Analysis-Example

MEMBER 2
Member 2 Deform.s in Global CS.
“»w15 07 o 7
i — U2 ﬁm 0 . 0 -
*Tlu |t & || 021552 2T
w2 L] L —0.13995
O 1
—_— _ Q? _ 0
Q,=k,u, Q= 0| =90625 | |
Q4 0
Fi 0 -1
BRI 1o
F:TTQ 2= e 150 o
Fi 0 0

i
1>
]
[{F]

Lo B - s R e

u,=T,v,
0 1 0 0 0 0
|-t 0o oof] o | o
- 0 0 0 1 0.21552 —(0,13995
O 0 —1 0 —().13995 —{).21552
1 0 0 126.83
00|l o | o
1 0 —0.13995 | | —126.83
0 0 —0.21552 0
126.83 0 5
0 | _| 126836
—126.83 | 0

1
0 —126.83 ]2
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Truss Analysis-Example

Member 3 Deformations in Global CS.
n 17 0 0
vy | 8 0 0
Vi = = =
) vy |1 d 0.21552
vy | 2 d —0.13995
ll3=T3V3 wa 348 —464 ~ —348 464 0
po_ | F2 | _| 464 61867 464 —618.67 0
F3= 3V3 3T R | T | 348 464 348 —464 0.21552
| Fy 464 —618.67 —464  618.67] L —0.13995
m—139.9477
_ | ..186.58 |8 .
N 139.94 |1
| —186.58 |2
{Q}:[T] {F} o} ~06 08 O 0 —139.94 233.237
| Q.| | -08 —06 O 0 186.58 | 0
Qs = o, | o 0 —06 08 139.04 | = | —233.23

Q4 0 0 -08 -=0.06 —186.58 0



16.774

16,774

16,774

126.83
126.83

i

Truss Analysis-Example

233.23

233.23

N\

O

%

233.23

CED 0110 (1

10.064 k

—A®

13,419k

~ —10.064 ]
—13.419
0
126.83
~139.94
| 18658 _

oo =1 o LA b L

13994 k
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Coordinate
Transformation-Beam
Elements
Local Coordinates O ¢
o 2; a\ h5
Global Coordinates
¢

Dl

Yy, v
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Coordinate Transformation

Local Transformation Matrix Global
Coordinates Coordinates
(X, ] | A »w o]l 0 0 o](x
Y, - A 0| 0O 0 0/}|Y,
M, 0 0 1| 0 0 O0]|M,

ST — = 3 >
. ME ) L 00 (/2 yMz J

{F} = [THF} A = Co0s ¢
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Coordinate Transformation-Derivations

[T] is orthogonal matrix Substituting, we obtain,

-1 _ T
[T] = [T] [THF} = [k TKq)

We can write {F} as follows:

(F} = [T]7'{F} = [1]7(Fy | Finalty

{F} = [T]"[k][TH{q}

Also we can write the following:

{q} =[Tl{q}

CES 6116 (Dr Catbas) 18



Stiffness Matrix for a Plane Frame Element

Oriented at an Angle ¢ —
[T]" [K][T]
3 - 12 ./
X, Rh2+1—2p2
12 12, |
Y, R —E Ap | Rp~+—A° symmetric
M ¢ o) 4
' En L L
L .12 12\ | 6 , 12
X, —RA —?,u" —R+? AL I,u. RA +E,u,"
12 L 12 . 6 12 12
Y, —R +? Al —Ru —E;\“ ——A R—E A R,{L"'FP'AL
M ° °» 2 e °x
2 | e L L*
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Example Problem #1

P

PL fl,\
2ET

El

_-‘_L + 2L

(a)

P, 04

(b)
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Example Problem #1 (cont.)

12
L

symmetric
4
6 12
L L?
6
2 —_
L
symmetric
4
23
L L?
3
2 —_
L

-_

4 >
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For Element 1-2

For Element 2-3
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Example Problem #1 (cont.)

-9
I

Y,

P, =M,

P, = Y, of element 1-2 + Y, of element 2-3
P, = M, of element 1-2 + M, of element 2-3
P, =Y,

P, = M,

CES 6116 (Dr Catbas)
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Example Problem #1 (cont.)

Combining Element 1-2 and Element 1-2 Stiffness Matrices

( A ~ 12 | a0 )
P, EE |l Uy
I
6 _ ;
P, E 4 symmletnc |
e
12 61 12 3 | .,
P3 EI LZ L: LE LZ : 2
< Y = — 4 4 >
L L L ]
| 3 3
P o 0l -E N7 7 ||®
o3 3
P, 0 0 1 — 2 —}: 4 6,
\ 4 - | _ L /
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Example Problem #1 (cont.)

v, =60,=v3,=0 Boundary Conditions

P, = unknown reaction force at point 1

P, =unknown reaction moment at point 1

P, = —P (opposite to the positive y-direction)
P,=PL

P: =unknown reaction force at point 3

Pf):O

CES 6116 (Dr Catbas)
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Example Problem #1 (cont.)

Re-arranging based on BCs and known loadings, we get

p—

12
NE

< M~ o

—
(g

tL

t~| o

6 15
L I?

o

|
[--4
b

CES 6116 (Dr Catbas)

3

%

3
L
3

L

0

3
L

2

25



Example Problem #1 (cont.)

Writing knowns and unknowns, we get 6 eqns for 6 unknowns:

— '

b—_p 15 3 3 | 12 6 3| _,
> 12 L 12 L 12] | 2
3 6 3
P,= PL -~ 8 2 ~ 2 —=|l6,=2
4 L L L .
3 3
P.=0 - 4 0 0 —=|{6.=2
¢ EI | L 2 L >
(=T 12 6 2 6 < (
6 6
P,=2 —— 2 0 h 4 0 6,=0
L L
3 3 3
: P;="7? J __F -7 71 0 0 13_ kuB:O,

CES 6116 (Dr Catbas) 26



Example Problem #1 (cont.)

PL » =—

15
12
3
L|
3

3 3
L L
8 2|4
2 4
18 30
L L
51 39
2 12
39 111
22

CES 6116 (Dr Catbas)

Solve for unknown disp.

Using matrix inverse,
solve for unknown disp.
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Example Problem #1 (cont.)

U>
PI’
Y% 1 T 276EI
6,
() 12
P, —1—2
4 P > = il E
2 L| L
. 3
5 T 12
\ S L L

P 1 0 B
33
I > Solve for unknown disp.
td
. L)
0 Uy
0 |46, Using disp found above,
3 solve for unknown loads.
—_ 93
L
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Example Problem #2

N

®
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Example Problem #2 (cont.)

Deformed shape of symmetric structure
under anti-symmetric loading

Inflection
point

CES 6116 (Dr Catbas)
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‘ Example Problem #2 (cont.)

p ¢
1 |
?
@ 7,
7 @ @ I
L + L L
)
P
Py, 0,4 P4, 0,  Pg, 03

T

Py, u3  Ps, 03

(.
I‘L

Pl:”l

AN
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Example Problem #2 (cont.)

Combining 2 element Stiffness Matrices,

> = El

12 96 6 24
3 T
6 24 4 8

- 2+ 2 —t—

12 L L L
24
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Example Problem #2 (cont.)

Deformations are obtained as follows,

L3
T 2592F1

F ) [ 108 18
B > L
<()*:>=Er 1—8 12
L L
24
o) Lr f

247 (
- v

L 2
4 |46y
8 | |6,

— K—PW
not
0
needed | ¢ >
0

CES 6116 (Dr Catbas)

PL?
= X
162 El




Example Problem #2 (cont.)

Forces and Moments at the Nodal Points (including supports)

"Yi"ﬁ ¢ 13“"|
M, P | 6L
< = >
mMEJ \, 7LJ

and

CES 6116 (Dr Catbas)
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Example Problem

Determine the joint displacements, member end forces and support reactions for the

125 k-ft (-A 1.5 k/ft
EEEEER

two member frame.

-« 20 ft

Y

E, A, I = constant
E = 29,000 ksi
A=11.81in.?
=310 in.*

(a) Frame

AU VLIV AL atvad)



Example Problem

(b) Analytical Model

Member 1  As shown in Fig. 6.17(b), we have selected joint 1 as the beginning joint,

and joint 2 as the end joint for this member. By applying Egs. (3.62), we determine

L=y(X,—X)?+ {2 — 7%= /(10— 0)2 4 (20 — 0)?

= 22.361 ft = 268.33 in.
X,—X, 10-0

_ - — 0.44721
cos? 2 22361
. Yo—Y, 20—0
= = — 0.89443
sinf 2 22.361

259.53
507.89
—670.08
—259.53
—507.89

| —670.08

5

507.89
1,021.4
335.04
—507.89
—1,021.4
335.04

(c) Loading on Member 1

6 1 2
—670.08 —259.53  —507.89
335.04 —507.89 —1,021.4
134,015 _ 670.08 —335.04
670.08 | 259.53  507.89
—335.04 { 507.89  1,021.4
67,008 | 670.08 —335.04

—335.04
134,015

W o= Oy b A



‘ Fixed End Forces on Member 1

W, = 90sinf = 90(0.89443) = 80.498 k
Wy = 90 cos = 90(0.44721) = 40.249 k

FAp, = FA, = —B-—{]-Zﬂ = 40.249 k

249(268.33
FMy = —FM, = 20 249(3 88.33) _ 1,350 kein.

(c) Loading on Member 1

T
h
=
fad D = O s

CES 6116 (Dr Catbas)
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Analysis of Member 2

Member 2 As this member is horizontal, with its left-end joint 2 selected as the
beginning joint, no coordinate transformations are needed; that is, T> = I, K = ks,
and Fy» = Qyz. Thus, by substituting L = 240 in., E = 29,000 ksi, A = 11.8 in., and

I = 310 in.* into Eq. (6.6), we obtain

| 2 3 7
1,425.8 0 0 —1,425.8
0 7.8038  936.46 | 0
0 936.46 149,833 | 0
—1,425.8 0 0 1,425.8
0 —7.8038 —936.46 0
i 0 936.46 74,917 0
FAI_] = FA;_! = ﬂ
0.125(240
th.‘;=FIS;_-= _‘"‘u - I.SI.':.
2
0.125(240)*
FMy = —-FM, = —55——;] = 600 k-in.

12

8 9
0 0 1
—7.8038 93646 |2
—936.46 74,917 |3
0 0 7
7.8038 —936.46 |8
—936.46 149,833 |9

CES 6116 (Dr Catbas)

125 kAt 1.5 k/ft i
GAH_HHH;_:?
10 ft
10 fit
| 10 ft 20 ft
E, A, I = constant
E = 29,000 ksi
A=11.8in2
I=310in*
(a) Frame
0]
1512
3
e |3
15 | 8
| —600 |9

38




Member End Forces in Local
Coordinates

Y
i
I
| 0.125 k/in.
30.372 k ! 30.372 k
¢y ® g
2 A
154.9 k-in. T@ 854.07 k-in.
12.087 k 17.913k

CES 6116 (Dr Catbas)
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Example Problem

: 1 2 3
Y ; rr\ . [259.53 + 1,425.8 507.89 670.08 1
— > U‘\ . 8= 507.89 1,021.4 +7.8038  —335.04 + 936.46 |2
@ @ X 670.08 —335.04 4+ 936.46 134,015 + 149,833 | 3
Wt 1 2 3
i [1,685.3 507.89 670.08 |1
0 =| 507.89 10292 601.42 |2
| 670.08 601.42 283,848 |3
® C 0 1 071
s o Pr=| 45415 |2=| 60]2

\%6 | —1,350+600 |3 | —750 | 3

(b) Analytical Model (d) Structure Stiffness Matrix and Fixed-Joint Force Vector
ytic ode

CES 6116 (Dr Catbas) 40



Solution of the Assembled Structural

Y
3 9
1—j\ > []I B g
@ ® } X P—Pr=S8d
8 0 0 1,685.3 507.89 670.08 d
0 0 e 60 | = | 507.89 1,029.2 601.42 i)
—1,500 —750 670.08 601.42 283,848 dy
@,
4 —— = X
i
5 0 1,685.3 507.89  670.08 d)
(b) Analytical Model . —-60 | = 507.89 1,029.2 601.42 dz
—-750 670.08 601.42 283,848 d3
0 1
P= 0 2 0.021302 in.
—1.500 | 3 d= —0.06732 in.
—0.0025499 rad

CES 6116 (Dr Catbas) 41



Computing End Forces for Member 1

4

A

Y

9
N
A

® =1 ©®

L

\*6

5

d =

X

(b) Analytical Model

0.021302 in.
—0.06732 in.
—(.0025499 rad

B e ——

7

0

0

0
(0.89443

—0.89443 0.44721

0

0

0

0
0
]—

U 4 0 0
va |5 () 0
v = iy 6 — 0 — 0
vy |1 d) 0.021302 in.
vs |2 dr —0.06732 in.
L6 |3 Lds] | —0.0025499 rad |
0.44721 0.89443 0 0
—0.89443 044721 0 0
T, = 0 0 ] 0
0 0 0 0.44721
0 0 0
i 0 0 0 0
. 0 -
0
0
M=TVE= G 050686 in.
—0.04916 in.
| —0.0025499 rad |

CES 6116 (Dr Catbas)
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‘ Computing End Forces for Member 1

12753 0 0 —~1,2753 0 0 ) i
0 5.584 749,17 0 —5.584 749,17 40.249
K — 0 749.17 134,015 0 ~749.17 67,008 20.125
T —1,275.3 0 0 1.275.3 0 0
1.350
0 —5.584 —479.17 0 5,584 —=749.17 Qj'l =
, 40.249
0 74917 67.008 0 —749.17 I34.(H5“
- 20.125
| —1,350 |
2
Y
3 9
o3
® ®; *
l[ [ 104.89 k
0 18.489 k
_ 1.216 k-in.
= i{ u =
o Qu=lum +Qr: —24.39
iy . 21.761 k
\tAfs | —1,654.9 k-in. |

wn -

(b) Analytical Model

CES 6116 (Dr Catbas)



'Equilibrium Check for Member 1

/
7
o/
S
NG
,\’““ (g\;?' + /73 F,=0 104.89 — 80.498 — 24.39 = 0.002=0
@ &
+NYFy=0 18.489 — 40.249 + 21.761 = 0.001 =0
+ ( > Mz =0 1216 — 18.489(268.33) + 40.249(134.16) — 1,654.9
=—=025=0
5.
¥ L0k 195 in.
EEEERRRRRE 5 AN
@ Oy £
(e) MemberEl 90]( } 85407 k-in.
17.913 k
30.371 |4 @
102.09 |5
T 1,216 |6 ©
F| = T{ = | o 30.371 k—t—> = x
—30.371 | | ' s :
- - 1,216 k-in.
—12.083 |2 =2
| —1,654.9 |3 AR

- CES ¢ (g) Support Reactions



‘ Example Problem

1,500 k-in.

Y 0.125 k/in. :
@ @ 51‘— 30.372k
2
854.07 k-in.
90 k
17.913 k
30.371 k—+— gl X
X%/ 1,216 k-in
102.09 k
(g) Support Reactions

CES 6116 (Dr Catbas)
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‘ Exa

1

mple Problem

A

1 2
9 [259.53 + 1,425.8 507.89

ﬂ-ﬁ—- 7 S = 507.89 1,021.4 + 7.8038

j[ | 670.08 —335.04 + 936.46
8 1 2 3

11,6853 507.89 670.08 |1
= | 507.89 1,029.2 60142 |2
| 670.08 601.42 283,848 |3

0 1 0] 1
P; = 45415 |2 = 60 | 2
| —1,350 +600 |3 ~750 | 3

3
670.08 1
—335.04 +936.46 |2
134,015 + 149,833 |3

(d) Structure Stiffness Matrix and Fixed-Joint Force Vector

30.371k
102.09 k
1,216 k-in.
—30.372 k
17913k
—854.07 k-in. _

|
O 00 1 O b A

(e) Member E-

(f) Support Reaction Vector
CES 6116 (Dr Catt
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